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Abstract 

A well-known result of Kothe and Cohen-Kaplansky states that a commutative ring 
R has the property that every i?-module is a direct sum of cyclic modules if and only 
if R is an Artinian principal ideal ring. This motivated us to study commutative 
rings for which every ideal is a direct sum of cyclic modules. Recently, Behboodi et 
al. (PQ) considered this question in the context of finite direct products of commuta- 
tive Noetherian local rings. In this paper, we continue their study by dropping the 
Noetherian condition. 

1. Introduction 

The study of rings over which modules in various classes are direct sums of cyclic modules 
has a long history. The first important contribution in this direction is due to Kothe [6 J who 
considered rings over which all modules are direct sums of cyclic modules. Kothe showed 
that over an Artinian principal ideal ring, each module is a direct sum of cyclic modules. 
Furthermore, if a commutative Artinian ring has the property that all its modules are 
direct sums of cyclic modules, then it is necessarily a principal ideal ring. Later, Cohen 
and Kaplansky [3] obtained the following. 
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Result 1.1. (Cohen and Kaplansky, [3]) If R is a commutative ring such that each R- 
module is a direct sum of cyclic modules, then R must be an Artinian principal ideal ring. 

An interesting natural question arises. Instead of considering rings for which all mod- 
ules are direct sums of cyclic modules, we weaken this condition and study rings R for 
which it is assumed only that the ideals of R are direct sums of cyclic modules. The study of 
such commutative rings was initiated by Behboodi, Ghorbani and Moradzadeh-Dehkordi 
in [I]. In particular, they established the following theorem. 

Result 1.2. ([1, Theorem 2.11]) Let (R,A4) be a commutative Noetherian local ring, where 
A4 denotes the unique maximal ideal of R. Then the following statements are equivalent: 

(1) Every ideal of R is a direct sum of cyclic R-modules. 

(2) A4 = Rw\ © ... © Rw n where n > 1 and at most 2 of Rw\, . . ., Rw n are not simple. 

(3) There exists n > 1 such that every ideal of R is a direct sum of at most n cyclic 
R-modules. 

(4) Every ideal of R is a summand of a direct sum of cyclic R-modules. 

In this paper, we consider commutative local rings for which every ideal is a direct 
sum of cyclic modules (that is, we drop the Noetherian condition from [1]). In particular, 
we describe the ideal structure of such rings. 

In the sequel, all rings are commutative with identity and all modules are unital. For 
a ring R, we denote (as usual) the set of prime ideals of R by Spec(i?). Also, Nil(i?) is 
the ideal of all nilpotent elements of R. We denote the classical Krull dimension of R by 
dim(.R). Let X be either an element or a subset of R. The annihilator of X is the ideal 
Ann(X) = {a G R \ aX = 0}. A ring R is local in case R has a unique maximal ideal. In 
this paper (R,A4) will be a local ring with maximal ideal Ad. An i?-module N is called 
simple if N ^ (0) and it has no submodules except (0) and N. An i?-module M is a 
semisimple module if it is a direct sum of simple modules. Also, an i?-module M is called 
a homogenous semisimple R- module if it is a direct sum of isomorphic simple R- modules, 
i.e., Ann(M) is a maximal ideal of R. 

It will be shown that if a local ring (R,A4) has the property that every ideal of 
R is a direct sum of cyclic .R-modules, then dim(i?) < 1, |Spec(i?)| < 3. Moreover, 
A4 = Rx © Ry © (© AgA Rw\) where x, y, W\ £ R (A G A) and each Rw\ is a simple 
i?-module, R/ Ann(x), i?/Ann(y) are principal ideal rings and Spec(-R) C {(0), A4,Rx © 
(©agA ^a)) Ry © (©agA -^-^a)} ( see Theorems 3.1 and 3.3). Also, we prove the following 
main theorem. 

Result 1.3. (See Theorem 3.7) For a local ring (R,A4) the following statements are 
equivalent: 
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(1) Every ideal of R is a direct sum of cyclic R-modules. 

(2) Every ideal of R is a direct sum of cyclic R-modules, at most two of which are not 
simple. 

(3) M. = Rx © Ry © (©agA-^^a) where A is an index set, Rw\s (X £ A) are simple 
R-modules and x, y G R are such that R/Ann{x) and R/Ann{y) are principal ideal 
rings. 

(4) Every ideal of R is a summand of a direct sum of cyclic R-modules. 

Finally, some relevant examples and counterexamples are indicated in Section 4. 

2. Preliminaries 

We begin this section with the following result which states that to check whether every 
ideal in a ring is principal, it suffices to test only the prime ideals. 

Lemma 2.1. (Attributed to I. M. Isaacs in [5j p. 8, Exercise 10]) A commutative ring R 
is a principal ideal ring if and only if every prime ideal of R is a principal ideal. 

Lemma 2.2. (Kaplansky |4, Theorem 12.3]) A commutative Noetherian ring R is a 
principal ideal ring if and only if every maximal ideal of R is principal. 

Also, by using Nakayama's lemma, we obtain the following two lemmas. 

Lemma 2.3. Let R be a ring and M be an R-module such that M is a direct sum of a 
family of finitely generated R-modules. Then Nakayama's lemma holds for M (i.e., for 
each I C J(R), if IM = M, then M = (0)). 

Lemma 2.4. (See [Tj Lemma 2.1]) Let (R,A4) be a local ring and Rx be a nonzero 
summand of M. Then Rx is a simple R-module if and only if x 2 = 0. 

Proof. Assume that x 2 = and A4 = Rx®L for some ideal L. Since A4x = (Rx®L)x = 0, 
so Rx is simple. The proof of the converse is clear. □ 

Proposition 2.5. Let R be a ring. Lf every prime ideal of R is a direct sum of cyclic 
R-modules, then for each prime ideal P of R, the ring R/P is a principal ideal domain 
(PID). Consequently, dim(i?) < 1. 

Proof. Assume that every prime ideal of R is a direct sum of cyclic i?-modules and P C Q 
are prime ideals of R. Suppose that Q = (Bi^iRxi where I is an index set and Xi € R for 
each i € /. There exists a j G J such that Xj ^ P. Since for each i G /, RxiRxj = (0) C P 
and P is prime, for each i ^ j, Rxi Q P and so we conclude that Q/P is a principal ideal 
of R/P. Thus every prime ideal of the ring R/P is principal and hence by Lemma 2.1, 
R/P is a PID. Since this holds for all prime ideals P of R, we conclude that dim(i?) < 1. □ 
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The following two results from [T] are crucial to our investigation. 

Lemma 2.6. ([H Proposition 2.2]) Let (R,M) be a local ring and M = Rx®Ry®Rz@K 
where K is an ideal of R, ^ x, y, z £ R and Rx, Ry, Rz are not simple R-modules. 
Then the ideal J := R(x + y) + R(x + z) is not a direct sum of cyclic R-modules. 

Lemma 2.7. ([IJ Corollary 2.3]) Let (R,Ai) be a local ring. If every ideal of R is a direct 
sum of cyclic R-modules, then M. = (B^eA Rw\ where A is an index set, w\ E R for each 
A E A, and at most two of the Rw\s (A E A) are not simple. 



Lemma 2.8. (See [5J Proposition 3]) Let R be a local ring and M an R-module. If 
M = ®\^R/I\ where each I\ is an ideal of R, then every summand of M is also a 
direct sum of cyclic R-modules, each isomorphic to one of the R/I\. 

Lemma 2.9. Let R be a ring and M a homogenous semisimple R-module. Then M = 
(§) Xe ^Rw\ where A is an index set, Rw\s are isomorphic simple R-modules and every 
submodule of M is also of the form N = © 7g p Rw'^ where T is an index set with \T\ < |A| 
and RwLs are isomorphic simple R-modules. 

Proof. The proof is clear from the fact that Ann(M) = P is a maximal ideal of R and 
M is an R/P- vector space. □ 

We conclude this section with the following proposition from [1] that is an analogue of 
Invariant Basis Number (IBN) of free modules over commutative rings. 

Lemma 2.10. ([1, Proposition 2.15]) Let R be a ring. Then the following statements are 
equivalent: 

(1) R is a local ring. 

(2) //©" =1 Rxi = ©jli Ryj where n,mEN and Rxi, Ryj are nonzero cyclic R-modules, 
then n = m. 

(3) If (Bi<zj Rxi — ®j(zjRyj where I, J are index sets and Rx{, Ryj are nonzero cyclic 
R-modules, then \I\ = \J\. 

3. Main Results 

Theorem 3.1. Let (R,A4) be a local ring such that every ideal of R is a direct sum of 
cyclic R-modules. Then dim(R) < 1, \Spec(R)\ < 3 and M. = Rx ® Ry © (@^ eA Rw\) 
where A is an index set, x, y, w\ E R and each Rw\ (X E A) is a simple R-module. 
Moreover, 



(a) Ifx,y€ Nil(R), then Spec{R) = {M}. 

(b) If M = Rz and z E" Nil(R), then Spec{R) = {(0),M}. 
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(c) IfM is not cyclic, x g" Nil(R) andy G Nil(R), then Spec(R) = {M, Pyffi(© A eA R w\)}. 

(d) IfM is not cyclic, x G Nil(R) andy g" Nil(R), then Spec(R) = {M, Pxffi(© AeA P^a)} 

(e) If M is not cyclic and x, y G" Nil(R), then 

Spec(R) = {M, Rx © (© AeA Rw x ),Ry © (© AeA Rw x )}. 

Proof. By Proposition 2.5, dim(P) < 1. Also, by Lemma 2.7, M = Rx © Ry © 
(©AeA Rw ^) where A is an index set, x, y, w\ G R and Puias (A G A) are simple P- 
modules (i.e., w\ = for each A € A by Lemma 2.4). We consider the following four 
cases. 

Case a: x, y G Nil(P). Since w\ = for each A € A, we conclude that Nil(P) = M 
and so Spec(P) = {A4}. 

Case b: M = Rz and z £ Nil(P). Then dim(R) = 1. Let P G Spec(R) \{M}. Since 
P ^ M = Rz, P = Pz and so by Lemma 2.3, P = (0). Thus by Lemma 2.1, R is a 
principal ideal domain and Spec(P) = {{0),M}. 

Case c: M is not cyclic, x g Nil(P) and y G Nil(P). Thus Nil(P) ^ M and so 
dim(P) = 1. Let P be a prime ideal of R such that P S A4. Since u> A = for each A G A, 

we conclude that Ry © (© AeA Rw >) ^ -P- Tnus ^ = ( Rx n J P) © R V © (©AeA #™a)- Since 
2 it follows that x g" P and so Rx n P = Px. Thus P = Px ® Ry @ (© AeA Pw A ) 
and hence Px = Px 2 = RxPx, so by Lemma 2.3, Px = 0. Thus P = Py © (©AeA Rw >^)- 
Therefore, Spec(P) = {M,Ry © (© AeA Pu; A )}. Also, if X is not cyclic, x G Nil(P) and 
y Nil(P), then similarly, we conclude that Spec(P) = {M, Rx © (©AeA Rw x)}- 
The proof in case d is the same. 

Case d: M is not cyclic and x, y Nil(P). Thus Nil(P) / M and so dim(P) = 1. Let P 
be a prime ideal of R such that P ^ M. Since xy = 0, x G P or y G P. If x G P, then 
y P and P = Px © (P n Py) © (© AeA Rw x)- As above, we have RyDP = Py = (0) and 
P = Rx © (©AgA Rw \)- Similarly, if y G P, then P = Py © (© AeA Ru, x)- On the other 
hand, since x, y Nil(P), there exist Pi, P 2 G Spec(R) \ {M} such that x G Pi, y ^ Pi 
andx 0P 2 , y G P 2 . Therefore, Spec(P) = {.M, Px © (© AeA Rw ^)> R V © (©AeA Rw x)}- □ 

We can now state the following corollary. This result is an analogue of Kaplansky's 
theorem (see Lemma 2.2). 

Cohen in [2], proved that if P is a commutative ring, Then P is Noetherin if and only 
if every prime ideal of P is finitely generated. 

Corollary 3.2. Let (R,M) be a local ring such that every ideal of R is a direct sum 
of cyclic R-modules. Then M is cyclic (resp. finitely generated) if and only if R is a 
principal ideal ring (resp. Noetherian ring). 
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Proof. From Theorem 3.1, we see that if M is principal (resp. finitely generated) then 
the same holds for every prime ideal of R. The conclusion follows from Lemma 2.1 (resp. 
Cohen's theorem). □ 

Next, we sharpen Corollary 2.3 of pQ (see Lemma 2.7). 

Theorem 3.3. Let (R, Ai) be a local ring such that every ideal of R is a direct sum of 
cyclic R-modules. Then, with the notation of Theorem 3.1, both R/Ann(x) and R/Ann(y) 
are principal ideal rings. 

Proof. Using Theorem 3.1, we see that each prime ideal of S := R/(Ry © (©asA^^a) 
is principal. Now Lemma 2.1 implies that S is a principal ideal ring. Since Ry © 
(©AeA R w >~) — Ann(x), R/Ann(x) is a homomorphic image of S and hence is a prin- 
cipal ideal ring. Similarly, R/Ann(y) is a principal ideal ring. □ 

Let us now outline the proof of the main theorem of this paper. We have divided the 
proof into a sequence of propositions. 

Proposition 3.4. Let (R,Ai) be a local ring such that Ai = Rx © L for some ideal L of 
R and some x G R. Suppose further that R/Ann(x) is a principal ideal ring. Then every 
nonzero element of Rx is of the form ax n for some unit a and positive integer n. 

Proof. Assume that R is local with maximal ideal Ai. Suppose further that Ai = Rx®L 
for some ideal L of R and some x G R and that R/Ann{x) is a principal ideal ring. By 
way of contradiction, assume that there is some nonzero element r\ G Rx which is not of 
the form ax n for any unit a G R and any positive integer n. Let ir : Ai — > Ai be the 
projection function onto the first coordinate (that is, n{rx + l) := rx for r G R and I G L). 
By our assumption on r\ (and the fact that R is local), we have r\ = sx for some s G M. 
But by the directness of the sum decomposition of M, it is clear that r\ = sx = tt(s)x. By 
our contradiction assumption, we conclude that 7r(s) := r<i is not a unit. Hence r% = tx for 
some t £ M (since r\ is, by assumption, not equal to a unit times a power of x). But then 
T2 = 7r(t)x. Now set r3 := n(t). Continuing inductively, we obtain a sequence r±, r2, . . . 
of elements of R such that for every positive integer n, r n = r n+ \x (and recall that t\ ^ 0). 
Now set J := \s\ € R : there exist elements S2, S3, S4, . . . G R such that s n = s n+ \x for 
every n € N}. One checks at once that J is a nonzero ideal of R (since 7*1 G J). We claim 
that J = Jx. To see this, let j\ G J be arbitrary. Then by definition of J, we see that 
ji = J2% for some J2 G R. It is clear from the definition of J that j'2 G J. This shows that 
J = Jx C Rx. Since Rx = R/Ann{x) and R/Ann{x) is a principal ideal ring, we conclude 
that J = Jx is finitely generated (cyclic, in fact). We now invoke Nakayama's lemma to 
conclude that J = {0}, a contradiction. □ 

Proposition 3.5. Let (R,Ai) be a local ring such that Ai = Rx © ((&\£\Rw\) where A 
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is an index set, Rw\s (X G A) are simple R-modules and x G R is such that R/Ann(x) is 
principal ideal ring. Then every proper ideal of R is of the form I = Rx' © (® 7e r R w '-y) 
where V is an index set with \T\ < \A\, Rw'^s (7 G Y) are simple R-modules and x' G R is 
such that R/Ann{x') is a principal ideal ring. 

Proof. Assume that 7 is a proper ideal of R and L = AgA Etu^. Clearly, 7 is a 
homogenous semisimple i?-module with 7 2 = (0). If 7 C Rx, then every ideal contained 
in 7 is principal, and we are done since i?/Ann(x) is a principal ideal ring). Also, if 7 C L, 
then by Lemma 2.9, 7 is a direct sum of at most |A| simple modules. Thus we can assume 
that 7 <2 R%, I <Z L and (0) C / C M. By Proposition 3.4, there exist n G N and I G L 
such that x n + I G 7. Among all such expressions, choose one, x n ° + Iq, with no minimal. 
We set x 1 = x n ° if x n ° G 7, otherwise we set x' = x n ° + Iq. Set 

J := {I G L I ax + I G /, for some a G i?}. 

Then J is an ideal of R with J C L. It is easy to check that Rx' C\ (I C\ J) = (0) and 
Rx'®{IC\J) C /. We will show that / = i2x'©(/n J). Assume that u = ax s + 1 G / where 
a G (R \ M) U {0}, s G N and / G L. If a = 0, then / G / n J and so u = I G Rx' © (7 n J). 
Thus we can assume that a G R \ A4. Therefore, 

u - ax s ~ n °x' = (ax s + I) - ax s ~ no (x n ° + l ) = I + ax s ~ no h G 7. 

Since I and Iq contained in J, I + ax s_ri % G J. Hence it follows that u G 7?x' © (7 n J). 
Therefore, 7 = © (7 n 7). By Lemma 2.9, 7 n L is a direct sum of at most |A| simple 
i?-modules. Also, since M.Iq = (0), we conclude that Ann(x n ° + Iq) = Ann(x n °). This 
implies that Rx' = Rx n ° C Rx. Since i?/Ann(x) is a principal ideal ring, so i?/Ann(x') is 
also a principal ideal ring. □ 

Proposition 3.6. Let (R,M) be a local ring such that M. = Rx © Ry © {®\ e \Rw\) 
where A is an index set, Rw\s (X G A) are simple R-module and x, y G R are such that 
R/Ann(x) and R/Ann(y) are principal ideal rings. Then every ideal of R is one of the 
following forms: 

(i) 7 = Rx' © Ry' © (© 7gr Rw'^) where V is an index set with \Y\ < \A\, Rw'^s are simple 
R-modules and x' , y' G R are such that R/Ann(x') and R/Ann{y') are principal 
ideal rings. 

(ii) 7 = Rz' © (© 7G r Rw!y) where T is an index set with \T\ < \A\, Rw'^s are simple 
R-modules and z' G 72 is such that every ideal of R/ Ann(z') is a direct sum of at most 
two cyclic ideals. 

Proof. By Proposition 3.5, we can assume that Rx and Ry are not simple i?-modules. 
Let L = (&\ e \Rw\. Clearly, R/Rx (resp. R/Ry) is a local ring with the maximal ideal 
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M = M/Rx = 77y ffi L (resp. M = M/Ry = 77x ffi 7). Assume that 7 is an ideal of R. If 
7 C Rx® L (resp. 7 C Ry @ L), then 7 = (7 ffi Ry)/Ry (resp. 7 = (7 © Rx)/Rx) and so 
by Proposition 3.5, 7 = 77x' © (© 7e r -^7) where T is an index set with |T| < |A|, Rw'^s 
(7 G T) are simple 77-modules and 2/ G 77 is such that 77/Ann(x') is a principal ideal ring. 
Thus we can assume that 7 % Rx ffi L, 7 <2 Ry © L and (0) C 7 C _A4. 

By Proposition 3.4, every element of 7 is of the form ax s +by l +l where a £ (77\.M)U{0}, 
6 G (77, \ A4) U {0}, s, t G N and I G L. Since 7 g 77x ffi L, 7 g 77y ffi L, it follows that 
there exist e\, e 2 G 7 where e\ = a\x n + + Zi, e2 = + &22/ m + ^2 f° r some 
ai, 62 G 77 \ A4, 02, 61 G 77, l±, l 2 G L and n, s, t, m G N. Thus xei = aix n+1 G 7 and 
ye 2 = b 2 y m+1 G 7. Since cti, 6 2 G 77 \ A4, so x n+1 G 7 and y m+1 G 7. Suppose that n 
(resp. mo) is the smallest natural number such that there exists an element x n ° + h G 7 
(resp. y m ° + I2 G 7) for some l± € L (resp. I2 6 L). We set x' = if x n ° G 7, otherwise 
we set x' = x n ° + Zi. Also, we set y' = y m ° if y m ° G 7, otherwise we set y' = y m ° + h- Set 

7 := {I G 7y I ax + by + I G 7, for some a, b G 77}. 

Then J is an ideal of 77 with J C 7. On can easily see that 77x' + Ry' + (7 n J) is a direct 
sum and 77x' ffi 77y' ffi (7 n 7) C 7. Now we proceed by cases. 

Case 1:7 = 77x' ffi Ry' ffi (7 n 7). Then by Lemma 2.9, 7 n J is a direct sum of at most 
|A| simple 77-modules. It follows that 7 is a direct sum of at most |A| + 2 cyclic modules. 
Also, if x' / 0, then x n ° ^ and so Ann(x') = Ann(x n °) since Mh = (0). It follows that 
77/Ann(x') is a principal ideal ring (since 77x n ° C 77x). We conclude similarly that either 
77y' = (0) or 77/Ann(y') is a principal ideal ring. 

Case 2: 77x'ffi77y'ffi (7n7) g 7. We claim that every element of 7 \ (77x' ffi Ry' ffi (7 n J) ) 
is of the form z = ex™ 0-1 + dy m °~ l + I where c, d G 77 \ M. Let z = cx s + dy 1 + I G 
7\(77x'ffi77y'ffi(7n7)) where c,d G (77\A4)U{0} and I £ L. If c = 0, then z = dy l + l G 7 
and so t > m . If t > m , then 2 = 7y* _mo (y m ° + Z 2 ) + I G 77y' ffi (7 n J), a contradiction. 
Thus t = rriQ and this implies that z = dy' + (I — dl\) G 77y' ffi (7 D J), a contradiction. 
Thus c G R\M. We conclude similarly that d G R\M. Our next claim is that s = no — 1 
and Z = mo — 1, for if not, to obtain a contradiction, we need to consider the following 
three subcases: 

Subcase 1: s < uq — 1 or t < mo — 1. There is no loss of generality in assuming that 
s < no — 1. Then x n °~ l = x no_1 ~ s c~ 1 z G 7 which contradicts the minimality of no- 
Subcase 2: s > n and t > m . Then z = cx s ~ n °x' + dy t ~ m °y' - (cx s ~ n °l 1 -dy t - mo l 2 ) + 

1 G 7. Since z - cx s - n °x' + dy t_m °j/ G 7, so (cx s " n °Zi - dy^^h) + Z G (7 n 7) and hence 

2 G 77x' ffi 77y' ffi (7 n J), a contradiction. 

Subcase 3: s > no, t = mo - 1 or s = no - 1, Z > mo- Without loss of generality 
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we can assume s > Uq and t = tuq — 1. Then z = cx s n °x' + dy m ° 1 — cx s n °l\ + I and 
so z - cx s ~ no x' = dy m »- 1 - cx s - n °h + 1 € I. Thus y m °- 1 + cT 1 ^ - cx s ~ n Hi) £ I which 
contradicts the minimality of mo- 

Therefore, we have z = cx n °~ 1 +dy m °~ 1 +1 where c,d G R\M. Now let us fix arbitrarily 
z / _ cx n -i + dy m () -i + z G I\(Rx'®Ry'®(InJ)) where c, d G i?\A4. Since L 2 = (0), it is 
easy to check that Rz' 0(1(1 J) = (0) . Now we claim that I = Rz' © (I n J) . We note that 
x' = xc _1 z' + /i and since l\= x' — xc~ 1 z' £ I, so h G In J. Hence cc' G Rz' © (In J). We 
conclude similarly that y' G © (In J). Thus Rx' © © (In J) C iJz' © (J n J) C J. 
Suppose contrary to our claim, that / % Rz' © (/ n J). Then there exists an element 
u G I\(Rz'(B(lDJ)) and so it G I\(Rx'eRy'(B(lDJ)). Therefore, u = c'x^^+d'y^^+V 
for some c', d' £ R\M and Z' G L. Then 

u - c'c^z' = {Jx n °- 1 + d'y mo ' 1 + /') - c'c-^cx""- 1 + dy™ " 1 +l)= d'y™ " 1 + l" G / 

where d" = d' - dc~ x d and I" = V - dc'H. If d" = 0, then I" G (I n J) and so 
u = c'crV+Z" G i?z'ffi(/nJ), a contradiction. Also, if d" G R\M, then y" 10 " 1 ©^'- 1 /" G I 
which contradicts the minimality of ttiq. We thus get d" G M. and hence there exists r £ R 
such that d"?/™ 0-1 = ry m °. Therefore, 

w - c'c~ V = ry mo + Z" = ry' - rl 2 + Z" G /, 

and since Z" — rl 2 G / D J, it follows that it G i?z' © (/ fl J), a contradiction. 

Therefore, we have I = Rz' $ (/fl J). By Lemma 2.9, I fl J is a direct sum of at most 
|A| simple -R-modules. It follows that I is a direct sum of at most |A| + 1 cyclic i?-modules. 
We need only consider the structure of each ideal of i?/Ann(z'). It is easy to check that 
Ann(z') = Ann(x n °~ 1 ) n Ann(y m ° _1 ). Also, a trivial verification shows that 

Ann(x no_1 ) = H 1 @ Ry ©L and Ann^" 10 " 1 ) = Rx © H 2 © L 

where 

Hi = {rx G Rx | rx + sy + / G Ann(x n ° -1 ), for some s G R, I G L}, 
^2 = € Ry | + sy + Z G Ann(y mo ), for some r £ R, I £ L}. 

Therefore, we conclude that Ann(z') = Hi © H 2 © Put R = i?/Ann(V). Then R is 
a local ring with the maximal ideal A4 := A / J/Ann(z') = Rx/Hi © Ry/H 2 . It follows that 
.M is a direct sum of at most two cyclic fi-modules. Thus by Corollary 3.2, the ring R is 
Noetherian. Therefore, by [H Theorem 2.11], every ideal of R is a direct sum of at most 
two cyclic modules (see Result 1.4), which completes the proof. □ 

Now we are in a position to prove the main theorem. This theorem is an answer to 
the question 'What is the class of local rings R for which every ideal is a direct sum of 
cyclic modules?" 
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Theorem 3.7. Let (R,M) be a local ring. Then the following statements are equivalent: 

(1) Every ideal of R is a direct sum of cyclic R-modules. 

(2) Every ideal of R is a direct sum of cyclic R-modules, at most two of which are not 
simple. 

(3) M. = Rx © Ry © (©agA-^^a) where A is an index set, Rw\s (X £ A) are simple 
R-modules and x, y G R are such that R/Ann(x) and R/Ann{y) are principal ideal 
rings. 

(4) There exists an index set A such that every ideal of R is one of the following forms: 

(i) I = Rx' © Ry' © (© gr i?u;^) where V is an index set with \T\ < |A| where Rw^s 
are simple R-modules and x' , y' £ R such that and R/Ann(x'), R/Ann(y') are 
principal ideal rings. 

(ii) / = Rz' © (© 7er Rw' y ) where T is an index set with \T\ < \A\, Rw'^s are simple 
R-modules and z' 6 R is such that every ideal of R/Ann(z') is a direct sum of at 
most two principal ideals. 

(5) Every ideal of R is a summand of a direct sum of cyclic R-modules. 

Proof. (1) =>• (3). Follows from Theorem 3.3. 

(3) =4> (4). Follows from Propositions 3.5 and 3.6. 

(4) => (2), (2) (1) and (1) (5) are clear. 

(5) =4* (1). Follows from Lemma 2.8. □ 

In particular, the following corollary is an answer to the question "What is the class 
of local rings (R,A4) where A4 is finitely generated and every ideal of R is a direct sum 
of cyclic modules?" Also, this result is an analogue of Kaplansky's theorem (Lemma 2.2) 
(see also [TJ Theorem 2.11]). 

Corollary 3.8. Let (R,M) be a local ring. Then the following statements are equivalent: 

(1) M. is finitely generated and every ideal of R is a direct sum of cyclic R-modules. 

(1) R is Noetherian and every ideal of R is a direct sum of cyclic R-modules. 

(2) M. = Rvi © ... © Rv n where n > 1, at most two of Rv\, . . ., Rv m are not simple and 
for each i the ring R/Ann(vi) is a principal ideal ring. 

(3) There exists n > 1 such that every ideal of R is of the form L = Rv\ © ... © Rv m 
where m <n and at most two of Rv\, . . ., Rv m are not simple. 

(4) There exists n > 1 such that every ideal of R is a direct sum of at most n cyclic 
R-modules. 

(5) There exists n > 1 such that every ideal of R is a summand of a direct sum of at most 
n cyclic R-modules. 
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Proof. The proof is straightforward by Corollary 3.2, Theorem 3.7 and [H Theorem 
2.11]. □ 

Remark 3.9. Let R = R\ X • • • X Rk where k G N and each Ri is a nonzero ring. One 
can easily see that, the ring R has the property that whose ideals are direct sum of cyclic 
ii-modules if and only if for each i the ring Ri has this property. 

We are thus led to the following strengthening of Theorem 3.7. 

Corollary 3.10. Let R = R\ x • • • x R^ where k G N and each Ri is a local ring with 
maximal ideal Mi (1 <i <k). Then the following statements are equivalent: 

(1) Every ideal of R is a direct sum of cyclic R-modules. 

(2) For each i, every ideal of Ri is a direct sum of cyclic Ri-modules, at most two of which 
are not simple. 

(3) For each i, Mi = RiX®RiV® (©agA; Ri w >) where Aj is an index set, RiW\s (X G Ai) 
are simple Ri-modules and x, y G Ri are such that Ri/Ann{x), Ri/Ann(y) are principal 
ideal rings. 

(4) There exit index sets Ai, . . . , A& such that for each i, every ideal of Ri is of the forms 
I = Rix' © Riy' © (0 7g r t Ri w 'j) or I = Ri,z' © (® 7er . Ri.w'^) where Ti is an index 
set with \Ti\ < |Aj| ; Riw'^s (7 G Ti) are simple Ri-modules x' , y' , z' G Ri such that 
RifAnn(x'), Ri/Ann(y') are principal ideal rings and every ideal of Ri/Ann{z') is a 
direct sum of at most two principal ideals. 

(5) Every ideal of R is a summand of a direct sum of cyclic R-modules. 
Proof. The proof is straightforward by Theorem 3.7 and Remark 3.9. □ 

4. Examples 

In this section some relevant examples and counterexamples are indicated. We begin 
with the following interesting example. In fact, the following example shows that the 
corresponding of the above Corollary 3.10, is not true in general for the case R = HagA 
where A is an infinite index set and each R\ is a local ring (even if for each A £ A, R\ = Z2). 

Example 4.1. Let R = IIaga ^\ be a direct product of fields {-F\}agA where A is an 
infinite index set. Clearly, / = (BagA-^a is a non-maximal ideal of R. Thus there exists a 
maximal ideal P of R such that / S P. It was shown by Cohen and Kaplansky O Lemma 
1] that P is not a direct sum of principal ideals. 

Let (i?, M) be a local ring. By Theorem 3.7, every ideal of R is a direct sum of cyclic 
i?-modules if and only if M = Rx © Ry © (® A gA ^ w x) where A is an index set, x, y, 
w\ G R (A G A) and (i) Rw\s are simple .R-modules, and (ii) i?/Ann(x), i?/Ann(y) are 
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principal ideal rings. However, in this case, every ideal I of R has the structure of the form 
I = Rx' © Ry' © (0 7gr Rw'^) where V is an index set with [r| < |A|, Rw'^s (7 G T) are 
simple i?-modules and x\ y' G R, but the following example shows that the last property 
(ii) does not hold for all ideals of R, in general (even if R is Artinian and M. is two 
generated) . 

Example 4.2. Let F be a field, n > 3 and R be the F-algebra with generators x, y 
subject to the relations x n = y n = xy = (i.e., R ^ F[X,Y]/ < I n ,F n ,ir >). The 
ring R is a Noetherian local ring with maximal ideal Ai = Rx © Ry. Since A4 n = (0), 
dim(i?) = and so R is an Artinian local ring. Also, by Theorem 3.7, every ideal of R is a 
direct sum of at most two cyclic i?-modules and also -R/Ann(;c), i?/Ann(y) are principal 
ideal rings. Now let I = Rz where z = x + y. We note that, if / = @™ =1 Rz{ where n G N 
and Rzi are nonzero cyclic -R-modules, then by Lemma 2.10, n = 1. Set R = R/ Ann(z). 
Clearly Ann(z) = Rx^eRy 11 ' 1 . Since M := M/Ann(z) ^ (Rx/ Rx n ~ l ) © (Ry / Ry 11 ' 1 ), 
it follows that the maximal ideal A4 of R is a direct sum of two nonzero cyclic ^-modules 
and hence by Lemma 2.10, A4 is not principal, i.e., R is not a principal ideal ring. 

For each integer n > 3, there exists an Artinian local ring (R, M) such that M. is a 
direct sum of n cyclic R- modules, but there exists a two generated ideal of R such that 
it is not a direct sum of cyclic i?-modules (see [TJ Example 3.1]). Also, the following 
example shows that there exists non-Noetherian rings R such that every prime ideal of R 
is a direct sum of cyclic R- modules, but some of the ideals of R are not direct sums of 
cyclic R- modules. 

Example 4.3. Let F be a field and let R be the F-algebra with generators {x{ \ i G N} 
subject to the relations 

xf = x% = x% = xf, = 0, k > 4 and XiXj = for all i 7^ j 

(i.e., R ^ F[{Xi I i G N}]/ < Xf, Xf, Xf, X|, X^X^- | 4 < k G N, i ^ j > 1 >). Then R 
is a non-Noetherian local ring with maximal ideal Ai = © igN . Thus the only prime 
ideal of R is a direct sum of cyclic i?-modules since M 3 = (0). But by Lemma 2.6, the 
ideal J = R(xi + X2) + R(x\ + x%) is not a direct sum of cyclic i?-modules. 

By Theorem 3.1, if a local ring (R, A4) has the property that every ideal of R is a direct 
sum of cyclic i?-modules, then dim(i?) < 1 and |Spec(i?)| < 3. The following example 
more or less summarizes the overall situation for dim(i?) and |Spec(i?)|. 

Example 4.4. Let F be a field and n G N. Consider the following rings: 

(1) R\ = .F[[X]] (formal power series ring). 

(2) R 2 = F[{Xi I 1 < i < n}}/ < {XiXj \ 1 < i,j < n} >. 

(3) R 3 = F[{Xi I i G N}]/ < {XX, | i, j G N} >. 
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(4) R 4 = F[[X,Y]}/ <XY,Y 2 >. 

(5) R 5 = F[[{A, | i e N}]]/ < {XiXj \i + j} U {X? \i>2}>. 

(6) i? 6 = F[[x,y]]/<xy >. 

(7) R 7 = F[[{X t | i G N}]]/ < {XiX,- | t ^ j} U {X2 | i > 3} >. 

It is easy to check that all above rings are local. Let A4i be the maximal ideal of Ri 
(1 < i < 7). Then we easily obtain the following: 

(1) i?i is a Noetherian domain (in fact R\ is a PID) with dim(i?i) = 1, A4\ =< X > and 
Spec^Ri) = {(0),Mi}. 

(2) i?2 is a non-domain Artinian ring with dim(i?2) = 0, M.2 = R2X1 © . . . i?2^ n (where 
Xi = Xi+ < {XiXj I 1 < i,j < n} >) and Spec(_R 2 ) = {M 2 }- 

(3) R3 is a non-domain, non-Noetherian ring with dim(i?3) = 0, M3 = R3X1 (where 
Xi = Xi+ < {XiXj I i,j e N} >) and Spec(i? 3 ) = {M 3 }. 

(4) i?4 is a non-domain, Noetherian ring with dim(i?4) = 1, Ai^ = R4X © R^y (where 
x = X+ < XY, Y 2 > and y = X+ < XY, Y 2 >) and Spec( J R 4 ) = {M 4 , R 4 y}. 

(5) i?5 is a non-domain, non-Noetherian ring with dim(i?s) = 1, M5 = R<aXi (where 
x t = Xi+ < {XiXj I i + j}U {X 2 \i>2}>) and Spec(i? 5 ) = {M 5 , R 5Xi }. 

(6) Rq is a non-domain, Noetherian ring with dim(i?g) = 1, A4q = Rqx © R$y (where 
x = X+ < XY > and y = Y+ < XY >) and Spec(i? 6 ) = {M 6 , R 6 x, R e y}. 

(7) Rj is a non-domain, non-Noetherian ring with dim(i?7) = 1, A4j = R7X1 (where 
Xi = Xi+ < {XiXj I i + j} U {X 2 I i > 3} >) and 

Spec(i? 7 ) = {M 7 , 0~ 2 R 7 x t , R 7Xl © (®~ 3 R 7 x^}. 

Now by Theorem 3.7, one can easily see that for each i (1 < i < 7) the ring i?; has the 
property that every ideal is a direct sum of cyclic ideals. 
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